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Dynamic Optimization 

Can be viewed as a multistage decision making 
process

solve sequential, irreversible  and risky decisions

Optimal solution would involve more than one single 
value for choice variable 

Derive optimal time path for every choice variable 



Approaches  to Dynamic Optimization 

The Calculus of Variation
- John and James Bernoulli

Optimal control theory 
- Based on Pontryagin (Russian Mathematician)  
maximization principle

Dynamic Programming 
- Based on Bellman Principle of Optimality



Components of  a  DP problem

n n-1

Dn

Sn

Rn(Sn,Dn)

Sn-1=tn(Sn,Dn) Sn-2=tn(Sn-1,Dn-1)

Rn-1(Sn-1,Dn-1)

Dn-1

Dn : Decision at stage n

Sn : State at stage n

Rn : Return at stage n

Sn-1=tn(Sn,Dn)  : Transition function 



Dynamic Programming 
Bellman’s Principle of Optimality

“ An optimal policy or  a set of decisions has the property 
that what ever the initial sate and decisions are, the 
remaining decisions must constitute an optimal  policy 
with regard to the state resulting from the first decision ”

- Separation between stage return and  the state 
transformation at stage n from the decisions and states at 
other stages 

- Complete set of decisions are handled in a sequential 
way rather than a simultaneous way 

- Based on the assumption of separability or Markovian 
assumption 



DP  vs  LP 

advantages :
not restricted to linear relationships ( non linear stage 
return and stated transformation functions)
efficient mean of solving problems with many stages 
Can be readily extended accommodate problems in 
stochastic nature

Limitations
Assumption of separabilty : the returns and the state 

transformation at a stage depend only on the decision 
made in that stage and the state in that stage 



Application of DP to Natural 
Resources 

Source: Kennedy . J.O.S. 1986



Representation of DP Problem 
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Corresponding Recursive Equation 
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Example : A Least cost network 
Problem 
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Optimal path

(4,2)99*(4+5) 11(3+8)(3,3) 
(4,1)1011(6+5)10*(2+8)(3,2)
(4,2)1010*(5+5)15(7+8) (3,1) 

V3{J3}
next mode(4,2)(4,1) 

OptimalLeast cost Next Node Node 

Cost to (5,1) from Stage -3 Nodes

: Linking Nodes  (3,1) to (4,1) ,  { } { }3 41, 1 , 7 1 , 8 1 5a V+ =

: Linking Nodes  (3,1) to (4,2) ,  { } { }3 41, 2 , 5 2 , 5 1 0a V+ =



Optimal Path

(2,3)1818*(2+16)19(5+14)20(4+16) (1,1)
V1{J1}

next mode(2,3)(2,2)(2,1) 

OptimalLeast cost Next Node Node 

Cost to (5,1) from Stage -1 Nodes

(3,2)1617(8+9)16*(6+10) (2,3) 
(3,1)1416(7+9)15(5+10)14*(4+10)(2,2) 

(3,2)1616*(6+10)17(7+10) (2,1) 
V2{J2}

next mode(3,3)(3,2)(3,1) 
OptimalLeast cost Next Node Node 

Cost to (5,1) from Stage -2 Nodes



Optimal Path 
(1,1) (2,3) (3,2) (4,1) (5,1)

Minimum cost  = 2 + 6 + 2 + 8=18
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Optimal Irrigation : Kennedy (1986) 





Irrigation Problem  

336.036.00.036.031.50.031.524.00.024.013.50.013.53

231.531.50.031.524.00.024.013.50.013.52

124.024.00.024.013.50.013.51

013.513.50.013.50

V{X4}RevV{X4}RevV{X4}RevV{X4}RevX3

41312111

w3q4w3q3w3q3w3q3 

3U32U31U30U3

U*{3)V3(X3)
Water released  
(ha ,m) 

Dam 
water 
Level

Optimal irrigation returns ($000) _ Satge3



Optimal Irrigation Returns ($000)-
Stage 2   

250.946.822.824.050.929.921.050.234.216.043.234.29.03

145.943.822.821.045.929.916.043.234.29.02

038.938.822.816.038.929.99.01

031.831.822.89.00

V{X3}RevV{X3}RevV{X3}RevV{X3}RevX2

41312111

w4q4w3q3w3q3w3q3 

3U32U21U20U2

U*{2)V2(X2)

Water released  
(ha ,m) 

Dam 
water 
Level



Optimal Irrigation Returns ($000)-
Stage 1   

260.456.143.612.560.448.412.058.948.410.556.448.48.03

158.955.643.612.058.948.410.556.448.48.02

056.454.143.610.556.448.48.01

051.651.643.68.00

V{X2}RevV{X2}RevV{X2}RevV{X2}RevX1

52423222

w4q4w3q3w3q3w3q3 

3U12U11U10U1

U*{1)
V1(X
1)

Water 
released  
(ha ,m) 

Dam 
water 
Level

31.531.5223

50.921.0232

60.412.0231

$0 ha/m

Total  returnReturn released m

Discounted 
Seaso
n water  

Dam water 
levelSeason 



Homework 

( 2,1)

( 2,2)

( 2,3)

( 2,4)

( 1,1)

( 3,1)

( 3,2)

( 3,3)

( 3,4)

( 4,1)

( 4,2)

( 4,3)

( 4,4)

( 5,1)

( 5,2)

( 5,3)

( 5,4)

( 6,1)



(5,3), (5,4) 9954963(4,4)

(5,4)885310641367(4,3)

(5,3) 77611569954(4,2)

(5,1) 1213671257(4,1)

(5,4) (5,3)(5,2 )(5,1) 

O. N. MLCNext Node Node

Optimal distance  to (6,1) form stage 
4_Nodes 
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Optimal path

(4,3) 1114951183(3,4)

(4,2)915961688972(3,3)

(4,2) 8108287120128(3,2)

(4,1) 13157813121(3,1)

(4,4) (4,3)(4,2 )(4,1) 

O. N. MLCNext Node Node

Optimal distance to (6,1) form stage 
3_Nodes 

(3,3) 1114951183(2,4)

(3,3)111511411921789(2,3)

(3,3) 111192158718135(2,2)

(3,1) 15178915132(2,1)

(3,4) (3,3)(3,2 )(3,1) 

O. N. MLCNext Node Node

Optimal distance  to (6,1) form stage 
2_Nodes 



Optimal Path

(2,2) 1516115181171511418153(1,1)

(2,4) (2,3)(2,2 )(2,1) 

O. N. MLCNext Node Node

Optimal distance  to (6,1) form stage 
1_Nodes 

1 3                 8              11             16        18

Shortest distance   1500 miles 



Homework 

( 2,1)

( 2,2)

( 2,3)

( 2,4)

( 1,1)

( 3,1)

( 3,2)

( 3,3)

( 3,4)

( 4,1)

( 4,2)

( 4,3)

( 4,4)

( 5,1)

( 5,2)

( 5,3)

( 5,4)

( 6,1)



Minimum cost 

{( 2,1) , 40}

{( 2,2), 67}

{( 2,3), 53}

( 1,1)

{( 2,4), 70}

{( 3,1),56}

{( 3,2), 55}

{( 3,3), 75}

{( 3,4),47}

{( 4,1),45}

{( 4,2), 80}

{( 4,3), 50}

{( 4,4),65}

{( 5,1), 60}

{( 5,2), 69}

{( 5,3),58}

{( 5,4),72}

( 6,1)

20

47

39

36

10

29
23

48

40
34

31

27

46

38

47

15
31

20

33
21

44

30 21

40

30

49 37

41

25 43

39

45
47

36

10

35

26

50



Minimum Cost 

(5,3)19622312210119684112(4,4)

(5,3)17321712295173848919710493(4,3)

(5,3) 1891898410522510412119970129(4,2)

(5,1) 145198104941457075(4,1)

(5,4) (5,3)(5,2 )(5,1) 

O. N. MLCNext Node Node

Cost to (6,1) form stage 4_Nodes 

(4,3) 2502831968725017377(3,4)

(4,2)28530119610529217311928518996(3,3)

(4,1) 231261173882641897523114586(3,2)

(4,1) 24826018971248145103(3,1)

(4,4) (4,3)(4,2 )(4,1) 

O. N. MLCNext Node Node

Cost to (6,1) form stage 3_Nodes 



(3,4) 358358250108401285116(2,4)

(3,2)302330250803692858430221587(2,3)

(3,2) 33039228510733021511534424896(2,2)

(3,1) 2983002316929824850(2,1)

(3,4) (3,3)(3,2 )(3,1) 

O. N. MLCNext Node Node

Cost to (6,1) form stage 2_Nodes 

(2,1) 31839435836341302393773304731829820(1,1)

(2,4) (2,3)(2,2 )(2,1) 

O. N. MLCNext Node Node

Cost to (6,1) form stage 1_Nodes 



318 117201

70106014

75304510

10347567

5010402

20201

Total cost L  Cost Cons Cost
Station to be 
constructed 

Optimal Solution 

Minimum total cost : 318, 000


